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1. Start with a rectangle of
any proportion, long side on

the bottom and white side up.

2. Fold over the top right corner
so that the right edge now lies

over the bottom edge.

3. Pinch where the former right
edge of the paper terminates.

4. Unfold. 5. Now we have a segment of
length a-b, which we will

multipy by b.

6. Crease the diagonal from the
top left to the bottom right (Only

make it sharp on the left).
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Folding a rectangle into a box with maximum volume
How to construct a box from a given rectangle with arbitrary predefined side lengths by folding up the

same amount from each edge in order to maximize the volume in the resulting container.
or

How to fold up the sides of a piece of paper to get the most space possible.
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7. Make a crease perpendicular
to the last one, going through

the left bottom corner.

8. Make a crease perpendicular to
the last one, going through mark
from step 3. Where this crease

meets the left edge, it marks (a-b)*b.
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b
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-b
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9. Fold down the top left
corner to the bottom, transfer
the mark from last step, and
unfold (similar to steps 2-4).

10. Make another crease
perpendicular to the one from step
7, going to the mark from last step.

(This will be parallel to the diagonal)

11. Fold the bottom left corner
to the last mark and pinch.

12. Fold the top left corner to the bottom
so that the crease touches the last mark.
(This does not touch the 45° angle [from

step 9] at the top, except in a square)

13. Make a mark where it
meets the bottom edge. 14. Unfold. 15. Transfer the mark to the left edge,

similar to step 9, but in reverse.2



16. Again, carefully fold a line
perpendicular to the crease
from step 7. On the bottom,
this marks off                    .22 b+ab-a

17.  Fold the top right corner
down (déjà vu from step 2).

18.  Fold the right over so that the
mark from two steps ago lies on the
former top right corner; pinch crisply

through both layers, and unfold.

19. Unfold.

20. Fold the bottom left corner
to the one of the marks from

step 18 and pinch.
21. Crease from there through
the other mark from step 18.

Where it meets the 45° angle,
it marks off the desired length.

6
b+ab-a-b+a 22=

22 b+ab-a

22 b+ab-a

22. Make 2 orthogonal crea-
ses through the intersection of
last crease and the 45° one.

23. Make 2 short 45° creases
at the top corners. 24. Fold in twice more, where

the 45° creases meet step 22's. 3



25. Fold up the four sides, and
lock the corners.

25a. This
shows how to
lock a corner.

25b. Fold the
45° angle

bisectors out.

25c. Now in
3D, continue
collapsing.

25d. Fold the top
part down as far

as possible.
25e. Finished

lock.

26. Finished box of
maximum volume.

T h e M ath : 
B eginn ing  ca lcu lu s s tuden ts  are  o ften  ex posed  to  the  c lassic  p rob lem  o f fo ld -

ing  up  the  ed ges o f a  rec tangle  to  m ax im ize  the  re su lting  vo lum e, a  p rob lem  that 
they m a y h ave  a lread y b een  in troduced  to  earlie r, as  a  p ractice  to  u sin g  tria l-and -
erro r. T h e p rob lem  goes app rox im ate ly as  fo llow s: 

P rov ided  a  rec tan gle  w ith  g iven  s ide  len gth s a  an d  b  (o ften , ex p lic it v alues are  given ), find  the  len g th  (x ) 
w h ich , w hen  fo ld ed  up  from  all fou r ed ges, p rodu ces the  m ax im um  vo lum e in  the  resu lting  box . 

 
W e can  go  abou t th is  p ro b lem  

using  basic  ca lcu lu s. F irs t, w e need  
to  find  ex p ression  rep resen ting the  
vo lum e o f the  box .  

a

b

x

The basic unfolded box.

 
A s you  can  see  in  the  d iagram  

above, the  base  o f the  bo x  fo r a 
g iv en  x  w ill be  sm aller in  bo th  
leng th  and  w id th  b y 2x , s ince  x  is  
taken  aw a y on  bo th  s ides from  each . 
T he heigh t w ill be  the  am oun t 
fo lded  up , x . T herefo re , the  vo lum e 
o f th e  box  is : 

xxbxa )2)(2( −−  
T h is  a lread y te lls  u s  som e 

th in gs. Fo r ex am p le , fo ld ing  up  
th ird s  from  a  square  (in to  an  open  
cube) g ives on ly half as  m uch  vo l-
um e as  the  m ax im um , p roduced  b y 
s ix th s (If you  don ’t b e lieve  m e, try  
it). A n yhow , m u ltip lying  the  paren -
theses ou t, w e get: 

4 x3  2 a x2  2 b x2  a b x  
W h at w e are  in te rested  in  is  

w here  th is  cu rve  peaks, and  thus, 
fla tten s. T h is  is  w here  th e deriva tive  

is  zero . In  e ffec t, w e are  look ing  fo r a  
so lu tion  to  the  fo llow ing  equation : 

4 x3  2 a x2  2 b x2  a b x


x
0

 
A fter tak in g  the  d eriva tive  o f the  

po lynom ial on  the  left s ide , w e end  up  
w ith  a  quad ra tic  equation : 

12 x2  4 a x  4 b x  a b 0  
If  w e facto r th e  m idd le  te rm s …  

12 x2  4 a  b x  a b 0  
… w e can  easily  app ly the  quad ra tic  

fo rm u la  …  
x

 b  b 2  4 a c
2 a  

… to  ob ta in  …  

x  4 a  b  1 6 a  b 2  4 8 a b
2 4  

… and  afte r fac to rin g  ou t 16  in side  
the  rad ica l, tak in g  it ou t o f the  rad ica l 
and  reducin g , squ arin g  (a+ b ), and  co l-
lec ting  term s: 

x 
a  b  a 2  a b  b 2

6   
H ow ever, w e can  p rov e  tha t the  

larger v alue  a lw a ys p rod uces a  resu lt 
g rea te r than  half o f b : 

F irs t w e assum e th at a  > b  (If it is 
so , w e keep  th em  the  w ay the y are ; if 
e lse , w e sw itch  them ), and  w e define  a  
num ber n 1 to  be  a-b , w h ich  m ust be  
positive . S ince  the  ex p ression  in side  o f 
the  rad ica l is  equal to  a  b 2  a b , and  
(because a  is  the  sam e as b+ (a-b )) a  is  
b+ n 1, w e can  rew rite  the  zero  as: 

x 
b  n 1  b  n 1 2  b  n 1 b

6  

T he in side  o f the  rad ica l is  b 2, 
and  a  little  m ore , so  the  pos itive  
square  roo t w ill be  b , p lu s  a  posi-
tive  num ber w e’ll ca ll n 2. N ow  w e 
have: 
x 

b  b  b  n1  n2

6


3 b  n1  n2

6

b
2

n1  n2

6  
A s n 1 and  n 2 are  bo th  positive , 

x  is  la rger than  half o f b , w h ich  
w ou ld  im p ly tha t the  tw o  x ’s  in  the  
d iagram  w ou ld  overlap . T herefo re , 
the  larger v a lue is  ex tran eous. T he 
sm aller va lue , how ever, is  a lw a ys 
w ith in  app rop ria te  bound s, and  it is  
the  so lu tion : 

x 
a  b  a 2  a b  b 2

6  
B u t is  th is  the  largest possib le  

shape?  W e cou ld  fo ld  the rec tan gle  
in to  a  tube  and  fla tten  the  bo ttom , 
and  it can  hav e  m ore  vo lum e. 
H ow ever, if it w ere  filled  w ith  a  
flu id , it w ou ld  sp ill th rough  the  
overlap . W ith  th is  m o del, the  flu id  
can ’t escape  th rou gh  an y open ing  
ex cep t fo r the  top  (A gain , if you  
don ’t believe  m e, try  it). B u t m a ybe 
it’s  possib le  to  ge t m ore  vo lum e 
(perhaps b y lean in g  the  w alls o f 
th is  box  ou t m ore , o r b y fo ld ing  the  
paper up  in to  a  V  and  lock ing  the  
ends, o r… ). S o  here’s  m y ch al-
lenge: C om e up  w ith  a  better con -
ta iner tha t can  ho ld  m ore .  

G o o d  L u ck ! 
    -L u cas G arron  (Ju ly  8 ,  2005)
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